Abstract: We show that generalised geometry gives a unified description of bosonic eleven-dimensional supergravity restricted to a d-dimensional manifold for all d ≤ 7. The theory is based on an extended tangent space which admits a natural E d(d) ×R + action. The bosonic degrees of freedom are unified as a "generalised metric", as are the diffeomorphism and gauge symmetries, while the local O(d) symmetry is promoted to H d , the maximally compact subgroup of E d(d) . We introduce the analogue of the LeviCivita connection and the Ricci tensor and show that the bosonic action and equations of motion are simply given by the generalised Ricci scalar and the vanishing of the generalised Ricci tensor respectively. The formalism also gives a unified description of the bosonic NSNS and RR sectors of type II supergravity in d − 1 dimensions. Locally the formulation also describes M theory variants of double field theory and we derive the corresponding section condition in general dimension. We comment on the relation to other approaches to M theory with E d(d) symmetry, as well as the connections to flux compactifications and the embedding tensor formalism.
Introduction
The idea that eleven-dimensional supergravity, or for that matter M theory, might have a more unified description incorporating a larger symmetry group is a long-standing one. Following the original observation that the dimensionally reduced supergravity has a hidden E d(d) global symmetry [1, 2] , formulations using exceptional groups, as well as their infinite-dimensional extensions, have appeared in various guises [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
In this paper we show that generalised geometry [15, 16] gives a unified geometrical description of bosonic eleven-dimensional supergravity restricted to a d-dimensional manifold for d ≤ 7. One starts with an extended tangent space [17, 18] which admits a natural E d(d) ×R + action. The bosonic degrees of freedom are unified as a "generalised metric" G, while the diffeomorphism and gauge symmetries are encoded as a "generalised Lie derivative." The local O(d) symmetry is promoted to H d , the maximally compact subgroup of E d (d) . Remarkably, the dynamics are simply the generalised geometrical analogue of Einstein gravity. The bosonic action is given by
where vol G is the volume form associated to the generalised metric and R is the analogue of the Ricci scalar. The corresponding equations of motion are simply 2) where R M N is the analogue of the Ricci tensor. This work extends the corresponding description of type II theories in terms of O(10, 10) × R + generalised geometry given in [19] .
The formalism also describes type II theories restricted to d − 1 dimensions, geometrising not only the NSNS sector but also the RR fields. Even though here we focus our attention on the bosonic sector, we will find that, in fact, the supersymmetry variations of the fermions are already encoded by the geometry. In a forthcoming paper [20] we extend the construction to include the fermion fields to leading order, thus completing the reformulation of restricted eleven-dimensional supergravity.
That eleven-dimensional supergravity could be reformulated with a manifest H 7 = SU (8)/Z 2 local symmetry, and fields transforming in E 7 (7) representations was first shown by de Wit and Nicolai [3] . This was further elaborated on in [5] for the case of H 8 = SO(16) local symmetry [4] . The construction of E d(d) ×R + generalised geometry can be viewed as providing a geometrical basis for these results. (Note that the relevant E d(d) action is by the continuous group rather than the discrete U-duality group that appears in toroidal reductions [21] .) That the extension of these ideas to higher dimensions should involve infinite dimensional Kac-Moody algebras was first proposed in [12] , and was discussed in the case of nine dimensions in [22] and ten in [23] . In the context of M theory this has culminated in conjectures of an underlying E 11 [13] or E 10 [14] Kac-Moody symmetry.
In West's E 11 proposal [13] , the symmetry is realised non-linearly over an extended spacetime with an infinite number of coordinates [24] . The corresponding E 7(7) nonlinear realisation, following the construction of West and using the finite extended spacetime originally conjectured in [6] , has been discussed in considerable detail by Hillmann [7] . Truncating to conventional spacetime, he was able to show an equivalence with [3] , and, again, the current paper can be viewed as the corresponding geometrical formulation, analogous to the relation between gravity as Riemannian geometry and as a non-linear realisation of GL(4) ⋉ R 4 as introduced by Borisov and Ogievetsky [25] . A related approach to realising E d(d) symmetries is based on the double field theory of Hull and Zwiebach [26] , which describes string backgrounds in terms of fields on a doubled spacetime that admits an action of O(d, d). The dynamics [27] are ultimately encoded in a version of a curvature tensor (first constructed by Siegel [28] and introduced from a different perspective in [29] ) provided the fields are required to satisfy the "strong constraint", or "section condition". This implies that they depend on only half the coordinates, so locally the theory is equivalent to O(d, d) × R + generalised geometry described in [19] . (Interestingly, in the double field theory realisations of the mass-deformed type IIA theory [30] and of generic Scherk-Schwarz reductions [31] the strong constraint can be slightly weakened, and so the relation to generalised geometry becomes less clear.)
The corresponding formulation of M theory with E d(d) groups was introduced by Berman and Perry [8] for the cases of d = 4. This was then extended to d = 5 in [9] and subsequently to d = 6, 7 in [11] , using the E 11 non-linear formalism of [13] . In these papers a bosonic action is constructed systematically by first writing terms in first-order derivatives of the generalised metric in a generic E d(d) form. Coefficients are fixed by requiring gauge and diffeomorphism invariance upon restriction to dependence on d coordinates, and remarkably the resulting expression matches the supergravity action up to integration by parts. This coordinate restriction means that locally the generalised geometrical theory constructed here is equally applicable to the double field theory approach to M theory. In this work we derive the E d(d) form of the action directly in terms of the scalar curvature of the generalised connection, which is therefore automatically invariant. We also find a generic E d(d) covariant form of the "section condition" [10] that encodes the restriction of the M theory version of double field theory to d coordinates.
At their core, generalised geometries 1 [15, 16] rely on the idea of extending the tangent space of a manifold M, such that it can accommodate a larger symmetry group that includes not only diffeomorphisms but also the gauge transformations of supergravity. In its original form, one studies structures on a generalised tangent space E ≃ T M ⊕ T * M, with a symmetry group combining diffeomorphisms with the gauge transformations of a two-form potential B. There is a natural O(d, d) structure on E, where d is the dimension of M, and a natural bracket between generalised vectors giving E the structure of a Courant algebroid [32] . Slightly extending the structure group to O(d, d)×R + , we showed in an earlier paper [19] that generalised geometry gives a natural rewriting of type II supergravity unifying the NSNS fields as a generalised metric preserved by an O(9, 1) ×O(1, 9) subgroup, which then becomes a manifest local symmetry of the theory.
The original version of generalised geometry was extended by Hull [17] and Pacheco and Waldram [18] to include the symmetries appearing in M theory. This gives a gen-
, relevant to eleven-dimensional supergravity restricted to d ≤ 7 dimensions and admitting a natural E d(d) structure. One can construct the corresponding generalised metric and also the analogue of the Courant bracket. Applied to type II theories, it allowed the geometrisation of the RR fields and was then used to study the origin of general gaugings of supergravity [33] and reformulate the effective theory of generic supergravity compactifications to four dimensions as well as the conditions for existence of a supersymmetric background [34, 35] .
We find that the generalised tangent space contains objects familiar from Riemannian geometry, namely a bracket structure, covariant derivatives, torsion, and by introducing the generalised metric, the analogue of the Levi-Civita connection, and curvature tensors. Still, there are important differences with respect to ordinary geometry, such as the failure of the generalised bracket to satisfy the Jacobi identity and the fact that, unlike the Levi-Civita, there is a family of torsion-free, metric-compatible generalised connections. We discuss all these concepts for E d(d) ×R + generalised geometry with a local compact subgroup
in a manner that treats all dimensions uniformly by decomposing under the appropriate Gl(d, R) and O(d) subgroups. By constructing the natural generalised geometrical equivalent of Einstein gravity, we then find that it contains the entire bosonic supergravity field content -metric, warp factor, three-and dual six-form gauge fields -and precisely describes eleven-dimensional supergravity reduced to d dimensions in the simple forms (1.1) and (1.2).
The paper is arranged as follows. In section 2 we describe the key concepts of
+ generalised geometry, including the generalised tangent bundle, its differential structure and the notions of generalised connection and torsion. Next, in section 3 we introduce the local H d structure and show that one can always construct a torsion-free, H d -compatible generalised connection D, the analogue of the Levi-Civita connection. Finally, in section 4 we review the bosonic sector of restrictions of elevendimensional supergravity and show that it can be reformulated in terms of the generalised geometry. We also comment on the relation to type II theories, generic flux compactifications and the embedding tensor formalism of gauged supergravity [36, 37] . We conclude with some summary and discussion in section 5.
E d (d ) ×R
+ generalised geometry
Following closely the construction given in section 3 of [19] , here we introduce the generalised geometry versions of the tangent space, frame bundle, Lie derivative, connections and torsion, now in the more subtle context of an
generalised tangent space was first developed in [17] and independently in [18] , where the exceptional Courant bracket was also given for the first time. We slightly generalise those notions by introducing an R + factor, known as the "trombone symmetry" [38] , as it allows one to specify the isomorphism between the generalised tangent space and a sum of vectors and forms. Physically, it is known to be related to the "warp factor" of warped supergravity reductions. The need for this extra factor in the context of E 7(7) geometries has already been identified in [7, 11, 39] .
Generalised bundles and frames

Generalised tangent space
We start by recalling the definition of the generalised tangent space for E d(d) ×R + generalised geometry [17, 18] and defining what is meant by the "generalised structure".
Let M be a d-dimensional spin manifold with d ≤ 7. The generalised tangent space is isomorphic to a sum of tensor bundles
where for d < 7 some of these terms will of course be absent. The isomorphism is not unique. The bundle is actually described using a specific patching. If we write
for a section of E over the patch U i , then
on the overlap U i ∩ U j where Λ (ij) andΛ (ij) are locally two-and five-forms respectively. The exponentiated action is given by
where we are using the notation of (B.8). Technically this defines E as a result of a series of extensions
Note that while the v (i) globally are equivalent to a choice of vector, the ω (i) , σ (i) and τ (i) are not globally tensors. Note that globally Λ (ij) andΛ (ij) formally define "connective structures on gerbes" (for a review see, for example, [40] ). This essentially means there is a hierarchy of successive gauge transformations. For Λ (ij) on the multiple intersections we have
If the supergravity flux is quantised, we will have g (ijkl) = e iΛ (ijkl) ∈ U(1) with the cocycle condition
ForΛ there is a similar set of structures, with the final cocycle condition defined on a octuple intersection
The bundle E encodes all the topological information of the supergravity background: the twisting of the tangent space T M as well as that of the gerbes, which encode the topology of the supergravity form-field potentials.
Generalised E d(d) ×R
+ structure bundle and split frames
In all dimensions 2 d ≤ 7 the fibre E x of the generalised vector bundle at x ∈ M forms a representation space of E d(d) ×R + . These are listed in table 1. As we discuss below, the explicit action is defined using the GL(d, R) subgroup that acts on the component spaces
Note that without the additional R + action, sections of E would transform as tensors weighted by a power of det T * M. Thus it is key to extend the action to E d(d) ×R + in order to define E directly as the extension (2.5).
56 1 E 6 (6) 27 Crucially, the patching defined in (2.3) is compatible with this E d(d) ×R + action. This means that one can define a generalised structure bundle as a sub-bundle of the frame bundle F for E. Let {Ê A } be a basis for E x , where the label A runs over the dimension n of the generalised tangent space as listed in table 1. The frame bundle F formed from all such bases is, by construction, a GL(n, R) principle bundle. We can then define the generalised structure bundle as the natural E d(d) ×R + principle sub-bundle of F compatible with the patching (2.3) as follows.
Letê a be a basis for T x M and e a the dual basis for T * x M. We can use these to construct an explicit basis of E x as + structure bundleF as a subbundle of the frame bundle for E given bỹ
By construction, this is a principle bundle with fibre
The bundleF is the direct analogue of the frame bundle of conventional differential geometry, with
+ frames are those defined by a splitting of the generalised tangent space E, that is, an isomorphism of the form (2.1). Let A andÃ be three-and six-form (gerbe) connections patched on U i ∩ U j by
(2.12)
Note that from these one can construct the globally defined field strengths
Given a generic basis {ê a } for T M with {e a } the dual basis on T * M and a scalar 3 In analogy to the definitions for O(d, d) × R + generalised geometry [19] , we could equivalently define an E d(d) ×R + basis using invariants constructed from sections of E. For example, in d = 7 there is a natural symplectic pairing and symmetric quartic invariant that can be used to define E 7 (7 ) (in the context of generalised geometry see [18] ). However, these invariants differ in different dimension d so it is more useful here to define E d(d) by an explicit action.
function ∆, we define a conformal split frame {Ê A } for E bŷ while a split frame has the same form but with ∆ = 0. To see that A andÃ define an isomorphism (2.1) note that, in the conformal split frame,
ω ab e ab + 15) since the patching implies e
The class of split frames defines a sub-bundle ofF
x ∈ M, and {Ê A } is split frame ⊂F . 
+ where (a +ã)-shifts is the nilpotent group of order two formed of elements M = e a+ã . Hence P split is a G split principle sub-bundle ofF , that is a G split -structure. This reflects the fact that the patching elements in the definition of E lie only in this subgroup of
where, in fact, the Λ 5 T M term is absent when d = 5. Note also that the zero subscripts are defined such that
It is interesting to note that, up to symmetries of the E d Dynkin diagram, the Dynkin labels of the representations E and N follow patterns as d varies. For each value of d, the Dynkin label for E can be represented on the Dynkin diagram as while N has the label
The Dorfman derivative and Courant bracket
An important property of the generalised tangent space is that it admits a generalisation of the Lie derivative which encodes the bosonic symmetries of the supergravity. Given V = v + ω + σ + τ ∈ Γ(E), one can define an operator L V acting on any generalised tensor, which combines the action of an infinitesimal diffeomorphism generated by v and A-andÃ-field gauge transformations generated by ω and σ. Formally this gives E the structure of a "Leibniz algebroid" [39] .
Acting on
Defining the action on a function f as simply [19] . One can embed the action of the partial derivative operator via the map T * M → E * defined by the dual of the exact sequences (2.5). In coordinate indices M, as viewed as mapping to a section of E * , one defines
Such an embedding has the property that under the projection onto N * we have
for arbitrary functions f, g. We will comment on this observation in section 2.4. One can then rewrite (2.24) in terms of generalised objects as 27) where ⊗ ad denotes the projection onto adF given in (2.19). Concretely, from (B.14) we have
where r m n = ∂ n v m , a = dω andã = dσ. We see that the action actually lies in the adjoint of the
+ group. This form of the Dorfman derivative can then be naturally extended to an arbitrary E d(d) ×R + tensor by taking that appropriate adjoint action on the E d(d) ×R + representation. Note that we can also define a bracket by taking the antisymmetrisation of the Dorfman derivative. This was originally given in [18] where it was called the "exceptional Courant bracket", and re-derived in [39] . It is given by
Note that the group generated by closed A andÃ shifts is a semi-direct product Ω
cl (M) and corresponds to the symmetry group of gauge transformations in the supergravity. The full automorphism group of the exceptional Courant bracket is then the local symmetry group of the supergravity
For U, V, W ∈ Γ(E), the Dorfman derivative also satisfies the Leibniz identity
and hence E is a "Leibniz algebroid". On first inspection, one might expect that the bracket of U, V should appear on the RHS. However, the statement is correct since one can show that 31) so that the RHS is automatically antisymmetric in U and V .
Generalised E d(d) ×R + connections and torsion
We now turn to the definitions of generalised connections and torsion. Generalised connections on algebroids were first introduced by Alekseev and Xu [41, 42] . To study the dynamics of E 7 (7) geometries with an eleven-dimensional supergravity origin and supersymmetric backgrounds, related notions were also developed by [7, 35] . Here, for the E d(d) ×R + case, we follow much the same procedure and conventions as in [19] , where we gave the precise definitions relevant for type II supergravity, taking care to include an R + factor in the generalised structure bundle.
Generalised connections
We first define generalised connections that are compatible with the E d(d) ×R + structure. These are first-order linear differential operators D, such that, given W ∈ E, in frame indices,
where Ω is a section of E * (denoted by the M index) taking values in
(denoted by the A and B frame indices), and as such, the action of D then extends naturally to any generalised E d(d) ×R + tensor. Given a conventional connection ∇ and a conformal split frame of the form (2.14), one can construct the corresponding generalised connection as follows. Given the isomorphism (2.15), by construction v aê a ∈ Γ(T M), 1 2 ω ab e ab ∈ Γ(Λ 2 T * M) etc and hence ∇ m v a and ∇ m ω ab are well-defined. The generalised connection defined by ∇ lifted to an action on E by the conformal split frame is then simply
(2.33)
Generalised torsion
We define the generalised torsion T of a generalised connection D in direct analogy to the conventional definition and to the one we defined in the 
for any V ∈ Γ(E) and where T (V ) acts via the adjoint representation on α. Let
We then have the explicit expression
Note that we are projecting onto the adjoint representation on the A and B indices. Note also that in a coordinate frame the last term vanishes. Viewed as a generalised
However, the form of the Dorfman derivative means that fewer components actually survive and we find
where K was defined in table 2. Note that these representations are exactly the same ones that appear in the embedding tensor formulation of gauged supergravities [36] , including gaugings [37] of the so-called "trombone" symmetry [38] . We will comment on this further in section 4.4.
As an example, we can calculate the torsion of the generalised connection D ∇ defined by a conventional connection ∇ and a conformal split frame as given in (2.33). Assuming ∇ is torsion-free we find
where we are using the isomorphism (2.18), and F andF are the (globally defined) field strengths of the potentials A andÃ given by (2.13).
2.4
The "section condition", Jacobi identity and the absence of generalised curvature
Restricting our analysis to d ≤ 6, we find that the bundle N given in (2.20) measures the failure of the generalised tangent bundle to satisfy the properties of a Lie algebroid.
This follows from the observation that the difference between the Dorfman derivative and the exceptional Courant bracket (that is, the symmetric part of the Dorfman derivative), for V, V ′ ∈ Γ(E), is precisely given by
where the last equality stresses the E d(d) × R + covariant form of the exact term. Therefore, while the Dorfman derivative satisfies a sort of Jacobi identity via the Leibniz identity (2.30), the Jacobiator of the exceptional Courant bracket, like that of the O(d, d) Courant bracket, does not vanish in general. In fact, it can be shown that 
is not a tensor and its failure to be covariant is measured by the projection of the first two arguments to N. Explicitly, taking U → f U, V → gV and W → hW for some scalar functions f, g, h, we obtain
Note, however, that it is still possible to define analogues of the Ricci tensor and scalar when there is additional structure on the generalised tangent space, as we see in the following section. Finally, we note that from the point of view of "double field theory"-like geometries [8] [9] [10] [11] [26] [27] [28] , the equation
for any functions f and g acquires a special interpretation. In these theories, one starts by enlarging the spacetime manifold so that its dimension matches that of the 5 For d ≥ 7 the RHS can no longer be written covariantly as a derivative of an object built from U and V in an E d(d) × R + covariant way. Similar complications occur in the discussion of the curvature below. This is the reason for the restriction to d ≤ 6 in this section.
generalised tangent space. The partial derivative ∂ M f is then generically non-zero for all M. However, the corresponding Dorfman derivative does not then satisfy the Leibniz property, nor is the action for the generalised metric invariant. One must instead impose a "section condition" or "strong constraint". In the original O(d, d) double field theory the condition takes the form (∂ A f )(∂ A g) = 0. It implies that, in fact, the fields only depend on half the coordinates. For exceptional geometries, the d = 4 case was thoroughly analysed in [10] , and is given by (2.41). Again it implies that the fields depend on only d of the coordinates.
It is in fact easy to show that satisfying (2.41) always implies the Leibniz property. Thus it gives the section condition in general dimension. In generalised geometry it is satisfied identically by taking ∂ M of the form (2.25 
H d structures and torsion-free connections
We now turn to the construction of the analogue of the Levi-Civita connection by considering additional structure on the generalised tangent space. Again, this closely follows the constructions in O(d, d) × R + generalised geometry [19] . We consider H d structures on E where H d is the maximally compact 7 subgroup of E d(d) . These, or rather their double covers 8H d are listed in table 3. We will then be interested in generalised connections D that preserve the H d structure. We find it is always possible to construct torsion-free connections of this type but they are not unique. Nonetheless we show that, using the H d structure, one can construct unique projections of D, and that these can be used to define analogues of the Ricci tensor and scalar curvatures with a local H d symmetry. 7 Note that one could equally consider the non-compact versions of H d by switching the signature of the metric in appendix B.3 so that it defines an SO(p, q) subgroup of GL(d, R), and the corresponding results then follow identically. For instance, if in d = 7 one chooses the SO(6, 1) signature, one would obtain the non-compact SU * (8) subgroup of E 7(7) × R + , which would be relevant for discussing timelike reductions of 11-dimensional supergravity [43] . 8 We give the double covers of the maximally compact group, since we will be interested in the analogues of spinor representations. A necessary and sufficient condition for the existence of the double cover is the vanishing of the 2nd Stiefel-Whitney class of the generalised tangent bundle [17] . As the underlying manifold is spin by assumption, this is automatically satisfied. 
The choice of such a structure is parametrised, at each point on the manifold, by an element of the coset (
The corresponding representations are listed in table 3. Note that there is always a singlet corresponding to the R + factor. One can construct elements of P concretely, that is, identify the analogues of "orthonormal" frames, in the following way. Given an H d structure, it is always possible to put the H d frame in a conformal split form, namely, One can also define the generalised metric acting on V ∈ Γ(E) as 
This mirrors the chain of embeddings in Riemannian geometry 
as can be seen from appendix B.1. This can also be defined as the determinant of G to a suitable power.
Torsion-free, compatible connections
A generalised connection D is compatible with the H d structure P ⊂F if
or, equivalently, if the derivative acts only in the H d sub-bundle. In this subsection we will show, in analogy to the construction of the Levi-Civita connection, that
Given an H d structure P ⊂F there always exists a torsion-free, compatible generalised connection D. However, it is not unique.
We construct the compatible connection explicitly by working in the conformal split H d frame (3.2). However the connection is H d covariant, so the form in any another frame simply follows from an H d transformation.
Let ∇ be the Levi-Civita connection for the metric g. We can lift the connection to an action on V ∈ Γ(E) by defining, as in (2.33), 
To construct a torsion-free compatible connection we simply modify D ∇ . A generic generalised connection D can always be written as
If D is compatible with the H d structure then 12) so that the torsion T ∈ Γ(K ⊕ E * ) and the unconstrained part of Σ is a section of U. The solution for Σ can be written very explicitly as follows. Contracting with V ∈ Γ(E) so Σ(V ) ∈ ad P and using the basis for the adjoint of H d given in (B.20) and (B.21) we have
13)
9 In d = 3 all the components of Σ are contained in the torsion representations, E * ⊗ad P ≃ K ⊕E * , and so, in that particular case, the generalised connection is in fact completely determined. (1, 2) + (3, 2) + (3, 2) + (5, 2) - Table 4 . Components of the connection Σ that are constrained by the torsion, T , and the unconstrained ones, U , as
where the ambiguous part of the connection C ∈ Γ(E * ⊗ ad P ) projects to zero under the map to the torsion representation K ⊕ E * , that is
Using the embedding ofH d in Cliff(d, R) given in (B.23) we can thus write the full connection as
15) where
is the embedding of the ambiguous part of the connection.
Unique operators and generalised H d curvatures
We now turn to the construction of unique operators and curvatures from the torsionfree andH d -compatible connection D constructed in the previous section. To keep theH d covariance manifest in all dimensions, we will necessarily have to maintain the discussion in this section fairly abstract. We should note, however, that the entire construction can be made very concrete. In [20] we will present the details for particular dimensions, such as the d = 7 case where the unique operators and the curvatures can be explicitly written out inH 7 = SU(8) indices. Given a bundle X transforming as some representation ofH d , we define the map
via the embedding U ⊂ E * ⊗ ad P and the adjoint action of ad P on X. We then have the projection
Recall that the ambiguous part C of the connection D is a section of U, which acts on X via the map Q X . If α ∈ Γ(X), then, by construction, P X (D ⊗ α) is uniquely defined, independent of C. We can construct explicit examples of such operators as follows. Consider two real H d bundles S and J, which we refer to as the "spinor" bundle and the "gravitino" bundle respectively, since the supersymmetry parameter and the gravitino field in supergravity are sections of them. The relevantH d representations are listed in table 5. Notẽ that the spinor representation is simply the Cliff(d, R) spinor representation using the embedding (B.23). One finds that under the projection P X we have
Therefore, for any ε ∈ Γ(S) and ψ ∈ Γ(J), one has that the following are unique for any torsion-free connection 20) where ⊗ X ′ denotes the projection of P X onto the X ′ bundle. One can show that the first two expressions encode the supersymmetry variation of the internal and external gravitino respectively, while the latter two are related to the gravitino equation of motion. This will be described in more detail in [20] .
We would now like to define measures of generalised curvature. As was mentioned in section 2.4, the natural definition of a Riemann curvature does not result in a tensor. Nonetheless, for a torsion-free,H d -compatible connection D there does exist a generalised Ricci tensor R AB , and it is a section of the bundle
where the last relation follows because, as representations of H d , E ≃ E * . It is not immediately apparent that we can make such a definition, but R AB can in fact be constructed from compositions of the unique operators (3.20) as
where R and R 0 AB provide the scalar and non-scalar of R AB respectively 11 . The existence of expressions of this type is a non-trivial statement. By computing in the split frame, it can be shown that the LHS is linear in ε, and since ε and the LHS are manifestly covariant, these expressions define a tensor. We will write the components explicitly in section 4.2, equation (4.11) . This calculation further provides the non-trivial result that R AB is restricted to be a section of ad P ⊥ , rather than a more general section of (S ⊗ J) ⊕ R. In the context of supergravity, this calculation exactly corresponds to the closure of the supersymmetry algebra on the fermionic equations of motion, as will be discussed further in [20] . Finally, since it is built from unique operators, the generalised curvature is automatically unique for a torsion-free compatible connection.
The expressions (3.22) can be written with a different sequence of projections. This helps elucidates the nature of the curvature in terms of certain second-order differential operators. In conventional differential geometry the commutator of two connections [∇ m , ∇ n ] has no second-derivative term simple because the partial derivatives commute. This is a necessary condition for the curvature to be tensorial. In 
11 Note that ad P ⊥ ⊂ (S ⊗ J) ⊕ R and theH d structure gives an isomorphism S ≃ S * and J ≃ J * . Thus, as in the first line of (3.22), we can also view R 0 as a map from S to J.
Since again the partial derivatives commute this operator contains no second-order derivative term, and so can potentially be used to construct a curvature tensor. However, in E d(d) ×R + generalised geometry, we also have ∂f ⊗ N * ∂g = 0 for any f and g, and so we can take the projection to the bundle N * defined earlier, giving a similar operator
which will again contain no second-order derivatives. One thus expects that these two operators, which can be defined for an arbitrary E d(d) ×R + connection, should appear in any definition of generalised curvature. Given anH d structure and a torsion-free compatible connection D, they indeed enter the definition of R AB . UsingH d covariant projections one finds
This structure suggests there will be similar definitions of curvature in terms of the operators (D ∧ D) and (D ⊗ N * D) independent of the representation on which they act, and potentially without the need for additional structure.
Supergravity as H d generalised geometry
We now show how the generalised geometrical structures we have described in the previous sections allow us to rewrite the bosonic sector of eleven-dimensional supergravity with the local H d -covariance manifest. We also cover the relation to type II theories and the embedding tensor formalism.
Eleven-dimensional supergravity in d-dimensions
We will be interested in "restrictions" of eleven-dimensional supergravity where the spacetime is assumed to be a product R In this sense we restrict the full eleven-dimensional theory to M. We will split the eleven-dimensional indices as external indices µ = 0, 1, . . . ,ĉ − 1 and internal indices m = 1, . . . , d whereĉ + d = 11. The full eleven-dimensional theory and the conventions we are using are summarised in appendix A.
In the restricted theory, the surviving fields include the obvious internal components of the eleven-dimensional fields (namely the metric g and three-form A) as well as the warp factor ∆. If d = 7, the eleven-dimensional Hodge dual of the 4-form F can have a purely internal 7-form component. This leads one to introduce in addition a dual six-form potentialÃ on M which is related to the seven-form field strengthF bỹ
2)
The Bianchi identities satisfied by F = dA andF are then
With these definitions we see that F andF are related to the eleven dimensional 4-form field strength F by
To recover the actions for the restricted theory we merely substitute the ansatz for the eleven-dimensional fields into the full action and divide by the volume of the external space. The internal bosonic action is
where R is the Ricci scalar. This leads to the equations of motion
Although here we are interested in the bosonic sector of supergravity, note that the supersymmetry variations of the gravitino can also be written as
where ρ is related to the trace of the gravitino in the external space and γ m are Cliff(d, R) gamma matrices. These expressions will be discussed in more detail in [20] .
Reformulation as H d generalised geometry
It is well known [2] that bosonic fields of the reduced supergravity parametrise a
Thus giving the bosonic fields is equivalent to specifying a generalised metric G. Furthermore, the infinitesimal bosonic symmetry transformation (diffeomorphisms and gauge transformations of A andÃ) are encoded by the Dorfman derivative [44] . 9) and the algebra of these transformations is given by the Courant bracket. We now show that the dynamics of the reduced theory are encoded by the torsionfree H d connection D. By doing so we show that the theory can be reformulated geometrically with a local H d invariance. Such local symmetries were first considered, for d = 7, by de Wit and Nicolai [3] . The generalised geometry here can be viewed as a geometrical explanation of their original rewriting. In order to match the dynamics we work in a particular frame, namely the conformal split H d frame, which is equivalent to an O(d) structure on E. It is worth stressing that the generalised geometrical theory is H d covariant, it is simply that supergravity is conventionally written with only an
We have already seen that in the conformal split frame D takes the form (3.15). Viewing sections of S and J in Spin(d) representations one can then write the unique operators (3.20) in this basis. For example, taking ǫ = e ∆/2 ε to be the supersymmetry parameter, one finds
(4.10)
These exactly match the operators that appear in the supersymmetry variations (4.7). Given such expressions one can then calculate the Ricci tensor (3.22) in this frame, finding,
(4.11)
Comparing with (4.5) and (4.6) we see that the bosonic action is given by 12) where vol G is the E d(d) -invariant scalar given in (3.6), and that the bosonic equations of motion are equivalent to R M N = 0 (4.13)
As advertised, we have rewritten the bosonic dynamics in terms of generalised curvatures with a manifest H d local symmetry.
Relation to type II supergravity
The (E d(d) ×R + )/ H d coset structure can equally well describe the fields type II theories 14) where B is the NSNS two-form field,B is the six-form potential dual to B, φ is the dilaton and A ± are the RR potentials (in a democratic formalism) where A − is a sum of odd-degree forms in type IIA and A + is a sum of even-degree forms in type IIB. All the fields now depend on a d − 1 dimensional manifold M ′ . The construction of torsion-free compatible connections D follows exactly as above. The only difference is that the bundles, partial derivative and split frames are now naturally written in terms of a
(the appropriate subgroups are defined in appendix B.4.) In particular, the generalised tangent space takes the form [17, [33] [34] [35] 
where "even" refers to type IIB and "odd" to IIA. The partial derivative ∂ now acts via the embedding T * M ′ → E * so that ∂f = df ∈ Γ(E * ), for any function f . One still has the "section condition" ∂f ⊗ N * ∂g = 0 but now the space spanned by ∂f is not the maximal such subspace in E * (since ∂ M spans one less dimension). We will not give the expressions for the type II decompositions here, though given the Spin(d−1) spinor decomposition in appendix B.4, it is relatively straightforward to calculate them directly from Spin(d) expressions given in the previous section. The central point is that the bosonic equations of motion and action given by (4.12) and (4.13) are left unchanged. What changes is the decomposition of these expressions in the bosonic fields, and the partial derivative action ∂.
Identity structures, fluxes and relation to the embedding tensor
The embedding tensor is the object that determines general gaugings of (typically maximally) supersymmetric theories in 11 − d dimensions [36, 37] . It is striking that it transforms in the same E d(d) representations as the generalised torsion (2.34), namely K ⊕ E * . That such representations appear in gauged supersymmetric theories has been discussed in detail in [45] in the context of E 11 theory (as well as [46] in the case of E 10 ). Here we simply show why, in the current context, the generalised torsion and the embedding tensor are related when the gauged supergravity arises from a dimensional reduction of eleven-dimensional supergravity on a d-dimensional manifold M. This also relates to the observation that the generic set of fluxes, both geometrical and non-geometrical, are sections of the same bundle K [33] .
To make the connection we first need to identify what structures on the internal space M lead to maximally supersymmetric theories in 11 − d dimensions. Metrically the eleven-dimensional space is a fibration 16) where y and x are coordinates on the external and internal spaces respectively, and A m are one-forms on the external space. It is well known that tori give suitable supersymmetric compactifications, as do generic twisted tori [47] (including their non-geometrical extensions [31, 44, 48] ). The corresponding relation to the embedding tensor is also well established (for a review see [49] ). The characteristic feature of these backgrounds is that the associated generalised tangent space E admits an "identity structure", that is, a G-structure P ⊂F where G is just the trivial group, with a single element, the identity. This means that space admits a single globally defined frame {Ê A } and is a necessary condition for a reduction to a maximally supersymmetric effective theory. As discussed in the context of N = 2 supersymmetry in [34, 50] , such reductions require globally defined spinors on M. For a maximally symmetric theory, there is a maximal number of such spinors and hence theH d -bundle is trivial, implying we have an identity structure maximal supersymmetric effective theory ⇐⇒ exists globally defined frame on M . (4.17)
Note that such structures are also sometimes referred to as "generalised parallelizable" spaces [44] . They are the generalised analogues of parallelizable spaces, where there is a globally defined frame {ê a }. In making the connection to the embedding tensor let us focus on the scalar moduli fields, which parametrise the coset E d(d) / H d . Given a conventional global frame e a (for example on a torus) one can write a family of metrics
where g ab (y) are moduli parametrising
The scalar fields in the effective theory similarly can be regarded as parametrizing generic
A that are constant on M, defining a family of generalised metrics,
Note that such a metric actually parametrises a (E d(d) ×R + )/ H d coset and so has one more degree of freedom than the actual set of moduli, which only define G up to a scaling factor. Since this factor was associated with warping of the external space, which in the dimensionally reduced theory is encoded in the conformal rescaling of the external metricĝ, this does not lose any degrees of freedom.
The potential for the scalar moduli arises from the dimensional reduction of the action on the internal space, which, as we have seen, can be written in terms of the generalised Ricci scalar as in (4.12) . This in turn is completely determined by the torsion-free connection D. One can construct D as follows. Given the frame {Ê A } we can always define a connection D ′ that is compatible with the identity structure, that is, for all A, 20) but in general it will be torsionful. By definition the torsion is simply given by the algebra of the basis {Ê A } under the Dorfman derivative, namely,
where T ∈ Γ(K ⊕ E * ). By construction D ′ is compatible with the generalised metric (4.19) . The torsion-free metric compatible connection can then be constructed as 22) where, in the notation of section 3.2, Σ ∈ Γ(E * ⊗ ad P ) and for D to be torsion-free we require Σ = −T + C, (4.23) where the ambiguous part C ∈ Γ(U). Since the supergravity does not depend on C we see that effective theory, and in particularly the scalar potential, is determined completely by T defined in (4.21) . In fact T can be directly identified with the embedding tensor if we make the further assumption that its components T B A C are constant. First we note that it is in the same representations of E d(d) as the embedding tensor. Second it satisfies the same quadratic relation [36] , giving the embedding of the gauged symmetry group in E d(d) .
Here this condition arises from the Jacobi-like relation, following from the fact that L U satisfies the Leibniz identity,
(4.24) We can also make the connection to [33] , where it was shown that generic fluxes in string compactifications correlate with the embedding tensor. The definition (4.21) gives T a direct geometrical interpretation which matches the fluxes identified in [33] in the context of type IIB backgrounds. For example, if {Ê A } takes the split form (2.14) (that is, with ∆ = 0), then, using (2.37), the components of T are given by 26) where f are the structure constants defined by {ê a }, that is, [ê a ,ê b ] = f a c bêc and
Thus only certain components of T , the so-called geometrical fluxes, are non-zero. The corresponding split frame for type IIB generates the geometrical fluxes identified in [33] .
Conclusions and discussion
We have seen that the action, equations of motion and symmetries for the bosonic fields in reductions of M theory to d dimensions actually have a remarkably simple and unified form. The fields unify as a generalised metric. The symmetries are simply the generalised geometry extensions of diffeomorphisms, and the action is simply the analogue of the Ricci scalar. The formalism works for all dimensions d ≤ 7 and the theory has an extended local H d ⊃ O(d) symmetry. It is a direct extension of our earlier work [19] on reformulating type II supergravities using O(10, 10)×R + generalised geometry.
It is natural to ask how this structure might extend to higher dimensions. The basic obstruction, even for d = 8, is that although the generalised tangent space exists, together with an E 8(8) × R + structure bundle, and a Dorfman derivative, one cannot write the derivative in the form (2.27) , since this gives a non-covariant expression. Consequently, one does not have a natural way to define the generalised torsion. The problem with writing the derivative in this form is the presence of the τ ∈ Γ(T * M ⊗ Λ 7 T * M) tensors in E. Physically these correspond to Kaluza-Klein monopole charges in the U-duality algebra and should be associated to the symmetries of "dual gravitons". Note that these terms already meant, even in d = 7, that we could not write the difference between the Dorfman derivative and the bracket (2.38) The possibility of extending the formalism to the Kac-Moody algebras E 10 or E 11 is particularly intriguing. Since we assume an underlying manifold, the connection to the E 10 formalism of [14] is less direct, as there the spacetime is emergent, the E 10 fields encoding a spatial gradient expansion around a spacetime point. The E 11 formalism on the other hand starts with (an infinite number) of coordinates [24] transforming in a particular representation l 1 (which corresponds to the generalised tangent space representation upon reduction to E d(d) ). One important question is how the dependence on these coordinates might be truncated to define eleven-dimensional supergravity. The results here would suggest one imposes a quadratic section condition (2.41) projecting onto the corresponding N * representation defined by the appropriate node in the E 11 Dynkin diagram as described in section 2.1.3. In the O(d, d) case the section condition is directly related to the level-matching condition of the underlying string theory. Related constraints have been identified in the E 10 model in [51] and it would be interesting to study the relationship between these and the section condition.
Another interesting possibility is that, if a generalised geometrical formulation can be found for d > 8, it may be that the existence of the torsion-free compatible connection D actually constrains the H d -structure. This is what happens, for instance, with conventional connections compatible with an almost complex structure, where the existence of a torsion-free compatible connection requires the structure to be integrable. Such a situation would impose differential conditions on the fields defining the coset
perhaps truncating the infinite set to a finite number of independent components corresponding to the degrees of freedom of supergravity. This may be connected to the recent result [52] that, given fairly weak assumptions, only a finite number of the fields in the Kac-Moody algebra are propagating.
As we have already stressed, the formalism used here and in [19] is locally equivalent to the standard formulation of double field theory and its M theory variants. The derivations relied only on the partial derivative satisfying the section condition (2.41) (or the corresponding condition for O(d, d) ). The maximal subspace of E * satisfying this condition is d-dimensional and is stabilized by the parabolic subgroup G split . In the context of double field theory it defines the set of coordinates on which the fields depend, and is a necessary condition for the formulation of an action and a closed symmetry algebra. This defines a foliation and reducing along the isometries, the theory is locally defined on a d-dimensional manifold as in generalised geometry. In either formulation there is a global O(d, d) or E d(d) symmetry acting on the frame bundle. However, while the strong constraint is covariant, the particular choice of a maximal subspace is not invariant under the global symmetry group.
There are number of other natural extensions to the geometry described here. It would be interesting to understand if similar constructions can be used for other supergravity theories. One might also wonder if the formalism can be used to describe higher-derivative corrections and their E d(d) transformation properties. A more direct, key application is the description of supersymmetric backgrounds. Formulations of N = 1 and N = 2 backgrounds in E 7(7) language have already been given in [35] . In the current context one expects that generic supersymmetric backgrounds in d ≤ 7 should correspond to special holonomy G ⊂H d for the operator D. Note that it is the holonomy of D and not its projections (4.10) that are relevant, and hence G is a subgroup ofH d . This is in contrast to [53] where the holonomy of the operators appearing directly in the supersymmetry variations was considered, and larger groups can appear. The most obvious extension, though, is the completion of the description of the supergravity by including the fermionic degrees of freedom and supersymmetry transformations, at least to leading order. This will be the main result of [20] .
A Eleven-dimensional supergravity
Let us start by summarizing the action, equations of motion and supersymmetry variations of eleven-dimensional supergravity, to leading order in the fermions, following the conventions of [54] .
The fields are simply
where g µν is the metric, A µνρ the three-form potential and ψ µ is the gravitino. The bosonic action is given by
where R is the Ricci scalar and F = dA. This leads to the equations of motion
where R µν is the Ricci tensor. The supersymmetry variation of the gravitino is
where Γ µ are the Cliff(10, 1, R) gamma matrices and ǫ is the supersymmetry parameter.
In this section we give an explicit construction of
We start with the Lie algebra. If GL(d, R) acts linearly on the d-dimensional vector space F , consider first the space
We can write an element of V ∈ W 1 as
where x ∈ F etc. If we write the index a for the fundamental GL(d, R) representation note that τ has the index structure τ a,b 1 ...b 7 , where a labels the F * factor and b 1 . . . b 7 the Λ 7 F * factor.
To define the Lie algebra we introduce
with elements R ∈ W 2 R = c + r + a +ã + α +α, (B.4) with c ∈ R, r ∈ F ⊗ F * etc. The Lie algebra of E d(d) ×R + can be defined by an action of R ∈ W 2 on V ∈ W 1 as follows. We take
Our notation here is that r · v, etc. are the usual action of gl (d, R) on the relevant tensor. Thus
Note that the E d(d) sub-algebra is generated by setting c =
For completeness, note that the contraction of forms and polyvectors in our conventions, given w ∈ Λ p F . λ ∈ Λ q F * and τ ∈ F * ⊗ Λ 7 F * , are given by
The E d(d) ×R + Lie group can then be constructed starting with GL(d, R) and using the exponentiated action of a,ã, α andα. The GL(d, R) action by an element m is standard so
The action of a andã form a nilpotent subgroup of nilpotency class two. One has where e λ with λ ∈ R is included to give a general R + scaling.
B.2 Some tensor products
We can also define tensor products between representations in terms of the GL(d, R) components. Given the dual space where we are using the notation that, given w ∈ Λ p F and λ ∈ Λ p F * , (jw jλ) (B.15)
We can also consider the representations that appear in the bundle N as given in table 2. We consider
The symmetric map W 1 ⊗ W 1 → W 3 is given by Under the type IIA decomposition one has 28) while the type IIB embedding has
(B.29)
After breaking the SL(2, R) action on B this decomposes to One then has the Clifford action for the type IIA decomposition
